ABSTRACT . We prove that the Hausdorff (m + fc)-measure of a product set is no less than the product of the Hausdorff m-measure of the (measurable) first component set in Rm and the (finite) Hausdorff k-measure of the second component in Rn.
1. Introduction. We study the relationship between the Hausdorff measure of product sets and the Hausdorff measures of their components. It is proven in [3, 2.10 .45] that-if VCR" with Hk(V) < «>, then there exists a real number c such that Hm+k(U x V) -cHm(U)Hk(V) for every Hm-measurable subset U of Rm, where f/f denotes Hausdorff /-dimensional measure. (Note that in Rm, Hm reduces to Lebesgue /«-dimensional measure, Lm.) It is known that c = 1 if V is fc-rectifiable [3, 3.2.23] , and that c > 1 for some V [1] , [4] .
In [3, 2.10 .46] the question was posed whether there exists V for which c < 1. In this paper we present a negative answer to that question. This general result, Theorem 3.6, follows easily from Theorem 3.5 which is the special case when wi = 1, V is a Borel set and U = [0, 1]. The proof of Theorem 3.5 depends on our method of obtaining the measure of the product set; specifically we apply a Hausdorff gauge construction using coverings consisting of sets having a useful symmetry property (Theorem 3.4).
The authors wish to thank the referee for several suggestions, particularly the improvement of Lemma 3.2.
2. Preliminaries. In general we adopt the notation and terminology of [3] . Presented in this section is additional notation that we use.
Throughout this paper A: is a nonnegative real number and r = k + 1, A is a Borel subset of R" with Hk(A) < « 7 = {x: 0 < x < 1} and E = 7 x A.
Let p: R x R" -► R, q: R x R" -*■ R", p(x, y) = x, q(x, y)=yfoTxE R,yERn. To conclude the proof we let e approach zero. 
It follows that Hr(S) -Hr[o(S)] and that o(S) is ff-measurable.
Remark. It is easy to extend Lemma 3.2 to unbounded sets. We then apply [3, 2.8.4 ] to obtain a disjointed subfamily G of K2 such that (5) K2= U {f: TE K2, T n 5 * 0, diam f(7) < 2 diam ftS)}. Proof. We construct a sequence G0, Gx, G2,... inductively as follows: we let Go=0 and obtain Gm from C0,. .. , Gm_x by letting Gm = 0 if
Hr(E ~ U Jl"1 \JG¡) = 0 and otherwise applying Lemma 3.3 with B = EŨ T=o UCf, V = 2~m-1e to obtain Gm E X(ljGm, 5) satisfying \jGm C E Ũ lL'o1 UG¡, Gm is a finite subset of Í2, between the beta and gamma functions, and the definition of a to compute
